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This paper describes an improvement in designing a real time optimal multiple-burn trajectory that should be

rapid and adaptive. The computational cost for solving amultiple-burn trajectory problem comes from 1) trajectory

propagation (or simulation of a trajectory) and 2) trajectory iterations (or computation of gradient information).

Tremendous work has been done to reduce this cost, especially in the area of increasing the solution convergence or

gradient calculation speed.However, in applications such as an orbit-to-orbit transfer, a long rangepayloaddelivery,

or amedium or low thrust-to-weight ratio trajectory, the propagation time of the coast arc is the dominant one of the

computational cost, and thus several studies have been focused on solving this problem by using parallel computing

techniques. In this paper, through an oscillation frequency study of the switching function, the propagation of the

coast arc is avoided and “safely” replaced by a zero-finding program. Using this method, the speed of the real time

trajectory design is increased. Numerical implementation issues of this algorithm are discussed in detail. To show the

effectiveness of the proposed algorithm, four trajectory designs have been simulated: two Hohmann-type orbital

transfers, a low Earth orbital insertion, and theMcCue problem. Atmospheric drag and J2 perturbations have been

considered in these simulations.

Nomenclature

A = vehicle’s cross-section area, m2

a = orbital semimajor axis, m
adrag = atmospheric drag acceleration, m=s2

ai, i� 1; . . . ; 13 = constant vectors in the switching function
aJ2

= J2 acceleration, m=s2

CD = drag coefficient
c = nozzle exit velocity, m=s
ci, i� 1, 2 = constants defined for adrag and aJ2
e = orbital eccentricity
Fi, i� 1; . . . ; 6 = modes of the switching function
H, H = orbital angular momentum and its

corresponding magnitude, m2=s
Ha = Hamiltonian function
h = altitude, m
I = identity matrix
J = performance index
J2 = J2 constant
m = mass of a vehicle, kg
p = orbital semilatus rectum, m
Re = Earth radius, m
r, r = position vector and its magnitude in the

Earth frame, m
S = switching function
T = booster thrust, N
t = time, s
v, v, v̂ = velocity, its magnitude, and unit vector in

the Earth frame, m=s
x, y, z = sidereal or nonrotating x axis, y axis, and

z axis, m
ẑ = z unit direction in the Earth frame
� = orbital true anomaly, rad

�R, �V , �m = costates
� = Earth gravitational parameter
� = atmospheric density, kg=m3

! = orbital argument of periapsis, rad
1b = booster thrust direction

Subscripts

des = desired
f = final
i, j = elements of a matrix
max = maximum
sampled = sampled point
Tol = tolerance
zero = zero point for the switching function
0 = initial condition
1, 2, 3 = components of a vector

Superscripts

T = matrix transpose
* = optimum

Introduction

T RAJECTORY optimization problems have been investigated
extensively and increasingly more papers have been published

since the 1950s. Lawden’s design [1,2] of optimal spacecraft
trajectories led to the primer-vector theory, and many other results
[3–8] afterward have been variations of the fundamental Pontryagin
maximum principle [9]. Bell [10], Lawden [11], and more recently
Betts [12] and Ocampo [13] have collected most of the important
contributions in optimal trajectory design and related numerical
techniques which have been used to solve the unavoidable two-
point-boundary-value problem (TBVP). It is well known that the
optimal solution of TBVPs is extremely sensitive to the initial primer
(costate) vector, and to find even a partial closed-form solution for
such a problem [14] is difficult. Numerical methods for computing
the optimal orbit trajectory are typically categorized into direct [15–
17], indirect [14], or hybrid methods [18,19]. The aforementioned
optimal trajectory design methodologies have been widely used in
aircraft [15], launch vehicles, and space vehicles [20], with single or
multiple-burn arcs. In some mission scenarios, a multiple-burn
trajectory is superior to a single-burn trajectory in terms of fuel
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consumption. Furthermore, a multiple-burn trajectory guidance law
increases the vehicle’s autonomy and performance. For example,
launch locations will not be detected as easily as they would be in a
single-burn ballistic-type trajectory.

A multiple-burn trajectory may include multiple burn and coast
segments. The basic segment is a trajectory arc that connects two
nodes [13]. This arc can be an uncontrolled ballistic arc (coast arc) or
a controlled arc (burn arc). In designing such amultiple-burn optimal
trajectory, the computational cost comes from 1) a relatively high
cost in trajectory propagation (simulation of a trajectory) and 2) the
number of trajectories (computation of gradient information) that
have to be iterated in finding the optimal solution [21,22].

Much research has been done to reduce the computational cost in
finding the optimal solution for multiple-burn trajectories. Related
publicly available literatures can be categorized into two groups:
those that increase the speed associated with gradient calculations
and those that increase the speed in coast arc propagation. Most of
them [7,23–29] have been focused on finding analytical or hybrid
gradient information for multiple-burn trajectories [23–27] or
analyzing the second variation theory [29].

However, the computational cost in coast arcs propagation has
been shown to be dominant in many scenarios [30]. Brusch [22]
mentioned in his paper that trajectory optimization problems that
integrate the equations of motion usually fail to meet the low cost
requirement. Up until now, much research has been done to reduce
the computational cost in coast arcs. First, with the assumption of a
Keplerian model, analytical solutions [31–36] of the coast arc are
found in different forms to avoid integrations and help in deriving
analytical Jacobian matrices for iterations. Second, by investigating
the transversality and necessary conditions associated with the
switching function in a coast arc, the numerical propagation of
certain states and costates, such as mass and mass related costate
[30], is eliminated. Third, parallel computing techniques [21,37]
have been introduced into multiple-burn trajectory designs.

The techniques mentioned above greatly increase multiple-burn
trajectory optimization progress. However, the key aspect related to
the computational cost, propagating the coast arc, remains. To avoid
the coast arc propagation, the end times of coast arcs are typically
considered as parameters for optimization [14,30]. In Brown’s report
[23], he demonstrated that the trajectory finding time is 50% less
when compared to the cases in which states are directly propagated.
Nevertheless, when using this method the size of the Jacobianmatrix
will be increased. Thus, as discussed later, the iteration will be longer
and the optimal solution will be more sensitive to the initial costate
guess.

In the multiple-burn trajectory design, the function which governs
the switching time (or location) from a burn arc to a coast arc or from
a coast arc to a burn arc is the so-called “switching function.”
Typically, the switching time can be solved from zero-finding
programs. However this property is rarely used to avoid the
propagation of coast arcs. The reason is, we need to find the first zero
without a good initial guess. In 1989, Carter [38] mentioned in his
paper that the switching function either has a finite number of zeros
(when the eccentricity is larger than zero) on a closed bounded
interval or it is identically zero (when the eccentricity equals zero).
To use zero-finding algorithms, this theorem is still not safe because
of the zero leakage that may happen when finding the switching
locations as illustrated in Fig. 1. The axis in Fig. 1 can be the time or
orbital true anomaly.

The purpose of this paper is to find the maximum oscillation
frequency associated with the switching function for a vehicle
experiencing Keplerian motion. Also, numerical issues in applying
this technique will be discussed and the reduction in the
computational cost will be analyzed coarsely and demonstrated
using numerical examples. The advantages are obvious: 1) the coast
arc propagation is avoided and the computational time for the coast
arc is dramatically reduced; 2) using the coast arc’s terminal time as
an optimization parameter is avoided; and 3) a better precision can be
achieved using zero-finding algorithms instead of using propagation
methods. If the coast arc is directly propagated, the precision of the
found switching time is determined by the propagation step size.

This paper is organized as follows. First, the dynamic models of
the basic segments are listed. Second, the switching function in the
multiple-burn trajectory is studied and a lemma is proven to show
that the maximum oscillation frequency of a switching function in a
noncircular orbit is eight with respect to a sinusoid-type wave. After
that, a summary of the algorithm for quicklyfinding the terminal time
of a coast arc is discussed. Next, the effectiveness of the proposed
algorithm is shown through the simulation of four trajectory designs:
two Hohmann-type orbital transfers (one high and one medium
thrust-to-weight ratio), a low Earth orbital insertion, and the McCue
problem [39]. Atmospheric drag and J2 perturbations have been
considered in these numerical simulations. Finally, a conclusion is
given.

Basic Segment Dynamics and Optimal
Trajectory Control

In multiple-burn trajectories, a basic segment is a trajectory arc
that connects two points. The initial and final times (fixed or free) at
these two nodes are referred to as t0 and tf, respectively. The thrust T
is bounded as T 2 �0; Tmax� and the direction of the thrust vector 1b is
optimally controlled.

Burn Arc Formulation

The state vectors r, v, andm (position, velocity, and mass) along a
burn arc are governed by Eq. (1). adrag and aJ2

are included.

_r
_v
_m

2
4

3
5�

v
���=r3�r� �T=m�1b � aJ2

� adrag

�T=c

2
4

3
5 (1)

The J2 effect [40] [Eq. (2)] comes from the sectoral variation of the

Earth density, where c1 ≜ ��J2R2
e, J2 � 0:00108263, r, z, and ẑ are

the vehicle’s position magnitude, the z component, and the unit
vector in the Earth coordinate system, respectively. The J2
perturbation causes the orbital shape to be changed slowly:

a J2 � c1f�3=�2r5� � 15z2=�2r7��r� 3z=�r5�ẑg (2)

A NASA density model (NASA Glenn Simple Model†) is used as
shown in Eq. (3), where h� r � Re, ���131:21� 0:00299h, and
�� 2:488���� 273:1�=216:6�5:256. The atmospheric drag model is
shown in Eq. (4), where A is a vehicle’s cross-section area, v̂ is the

unit vector of the velocity, and c2�r�≜ ��1=�2m���CDA.

��h� � �=�0:2869��� 273:1�� h � 25 km (3)

a drag � c2�r�kvkv (4)

A simplified drag coefficient model is modified based on
Anderson [41]:

CD � 2 if kvk � 340 m=s (5)

Fig. 1 A schematic demonstration of the zero leakages.

†“Earth Atmosphere Model—NASA GRC,” data available on-line at
http://www.grc.nasa.gov/WWW/K-12/airplane/atmosmet.html [retrieved
2 May, 2006].
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Coast Arc Formulation

Without thrusts, Eq. (6) is the equation of motion for a spacecraft
in a coast arc. Coast arcs usually happen outside of the atmospheric
region, but for general use,we still include the J2 perturbation and the
atmospheric drag in the model:

_r
_v

� �
� v

���=r3�r� aJ2
� adrag

� �
(6)

Neglecting the atmospheric drag and the J2 perturbation, the
analytical solution of the coast arc has been solved by Glandorf [31].

Hamiltonian and Switching Functions

TheHamiltonian function is shown inEq. (7)with costates�R,�V ,
and �m. The optimal condition is listed in Eq. (8) and can be
simplified to the well-known result 1	b � �	

V=k�	
Vk. The switching

function is defined as S≜ �T
V1b=m � �m=c. For simplicity, we can

neglect the superscript * in the optimal thrust direction 1	b. The burn
and coast arc switching points are derived as Eq. (9). When the
switching function value equals zero at all time (the orbital
eccentricity is zero [38]), it is a singular arc:

Ha � �T
Rv� �T

V ����=r3�r� aJ2
� adrag� � T

�
�T
V1b=m � �m=c

�
(7)

H	
a

�
�	
R;�

	
V; �

	
m; r

	; v	; m	; 1	b
�
� Ha

�
�	
R;�

	
V; �

	
m; r

	; v	; m	; 1b
�
(8)

T �
�
0 S 
 0

Tmax S > 0
(9)

The costate dynamics (T � 0 for coast arcs) is written as

_� V ���R �A1�V (10)

_� R � ��=r3��V � �3�=r5�
�
�T
Vr
�
r �A2�V �A3�V (11)

_� m � T�T
V1b=m

2 �A4�V (12)

where A1 � @aT
drag=@v, A2 � @aT

J2
=@r, A3 � @aT

drag=@r, and

A4 � aT
drag=m. The first three matrices are listed in Appendix A for

reference.
In burn arcs, the states r, v, andm and costates �R, �V , and �m are

propagated using Eqs. (1) and (10–12). The switching function is
S� �T

V1b=m � �m=c. During coast arcs, the massm and costate �m

are constant. Therefore, the propagation of m and �m can be
neglected, and the switching function is replaced by Eq. (13) [30].
Here �0 and � denote the initial and current true anomalies of a coast
arc. When S0��� 
 0, the trajectory will remain in a coast arc,
whereas when S0���> 0, the trajectory will switch into a burn arc.

Note that if the atmospheric drag and J2 accelerations cannot be
neglected, this switching functionwill be replaced by the original one
(S� �T

V1b=m � �m=c). In this case, the proposed method will be
used as an initial guess in the first homotopy [30]:

S0��� � k�V���k � k�V��0�k (13)

Switching Function Analysis

The duration of a coast arc can be much longer than that of a burn
arc. The key for avoiding direct coast arc propagation is to make sure
that the zero (�zero) found through a zero-finding algorithm is the first

one. In this section, the result from the oscillation frequency analysis
is combined with a zero-finding algorithm to solve the nonlinear
equation S0��zero� � 0 and quickly locate the starting time of the next
burn arc. If the eccentricity of a coast arc is zero (a circular orbit),
there are infinite switching points [38]. This case will not be
considered.

Oscillation Frequency of the Switching Function

Let us define the oscillation frequency of sin � or cos � to be a
maximumof onewith respect to the true anomaly.All the terms in the
costate are related to sinusoid-type functions and thus will be
analyzed with respect to sinusoids. For example, the frequencies of
the functions 1� sin � and 10 cos � are at a maximum one, whereas
those of sin2�, sin �= cos �, sin � cos �, and cos 2� � 5 sin � are at a
maximum two.

Lemma 1: For a coast arc governed by the Keplerian model, the
maximumoscillation frequencies of the position and velocity are two
and one, respectively.

Proof: Based on Glandorf [31], the closed-form solution of a
Keplerian motion is

r
v

� �
� F1I3�3 F2I3�3

F3I3�3 F4I3�3

� �
1

H

F4I3�3 �F2I3�3
�F3I3�3 F1I3�3

� �
t0

r0
v0

� �

(14)

where t0, r0, and v0 are the initial time, position, and velocity of a
coast arc, respectively. In a Keplerian motion, the angular
momentum magnitude H, semimajor axis a, eccentricity e, and
semilatus rectum p are all constants. So, let us denote the constant
part in the coast arc dynamics [Eq. (14)] as

r00
v00

� �
� 1

H

F4I3�3 �F2I3�3
�F3I3�3 F1I3�3

� �
t0

r0
v0

� �
(15)

then the position r and velocity v are linear combinations of F1 and
F2, F3, and F4, respectively [Eq. (16)]. Here, F1 � r cos �, F2�
r sin �, F3 ���H=p� sin �, and F4 � �H=p��e� cos ��.

r � r00F1 � v00F2 v� r00F3 � v00F4 (16)

The position magnitude is r� a�1 � e2�=�1� e cos ��. F1 �
a�1 � e2�=��1= cos �� � e� and F2 � a�1 � e2� sin �=�1� e cos ��
have maximum oscillation frequencies of one and two, respectively,
whereas F3 and F4 have a maximum frequency of one. Thus, the
maximum oscillation frequencies of the position r and the velocity v
are two and one, respectively.

Note that the maximum frequency calculated here is conservative.
For example, it is obvious that the frequency of the position vector r
is one and does not achieve the maximum two. In the switching
function of a coast arc, a conservative maximum frequency requires
more points to be sampled before the local region of the first zero
point can be found. This property actually has advantages: 1) it will
not miss the extreme case where the summation (multiplication) of a
frequencyn1 mode and a frequencyn2 mode generates amax�n1; n2�
(n1 � n2) frequency mode, and 2) the region where the first zero
point is located is narrower and because of this the computational
cost associated with the zero finding is reduced.

Lemma 2: For a coast arc governed by the Keplerian model, the
maximum oscillation frequency of the switching function S0��� is
eight.

Proof: The closed-form solution of costates in a coast arc is shown
in Eq. (17), and it can be simplified as Eq. (18), where
��0T

V0 ��0T
R0 �T � P�1�t0���T

V0 ��T
R0 �T . The matrices P�t� and

P�1�t0� can be found in Glandorf [31]. Because the switching
function S0��� only involves �V , �R is neglected in the analysis. The
switching function can be expanded as shown in Eq. (19) where ai,
i 2 �1; 13� are determined by the position and velocity at the burn arc
stop time or the coast arc starting time. The derivation can be found in
AppendixB.Therefore, these vectors are all constants throughout the
coast arc and the oscillation frequency is determined by 13 modes as
shown in Eq. (19), whereg and f are defined in Table 1 andF6 can be
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found in Glandorf [31].

�V

��R

� �
� P�t�P�1�t0� �V0

��R0

� �
(17)

�V

��R

� �
� P�t� �0

V0

��0
R0

� �
(18)

�V � �F1r� gv F2r� fv 2r�F6v��0
V0 � �v F1H F2H��0

R0

≜ a1F1 � a2F2 � a3F3 � a4F4 � a5F
2
1 � a6F

2
2 � a7F1F2

� a8F3F6 � a9F4F6 � a10gF4 � a11gF4 � a12fF3 � a13fF4

(19)

The maximum oscillation frequencies according to Lemma 1 are
shown in Table 1. �V is a linear combination of these 13 modes, thus
the maximum oscillation frequency of �V is four and the maximum
frequency of the switching function S0��� � k�V���k � k�V��0�k is
eight.

For a sinusoid-type wave, there are maximally three locations
which intersect with the zero line (Fig. 2). Lemma 2 shows that the
maximum frequency of the switching function is eightwith respect to
a sinusoid-typewave. Therefore, there are amaximumof 17 zeros for
the switching function in an eccentric orbit (taking into account the
start and endpoint of an orbit).

From now on, the proposed method is called the sampled method
and the conventional propagation is the propagation method. There
are three advantages if Lemma 2 is applied in finding the optimal
multiple-burn trajectory.

The first advantage: Let us do a rough calculation to show the
speed improvement by using this algorithm. For a coast arc with a
semimajor axis of 7378 km (the period of this orbit is approximately
6307 s) and a fixed step size of 1 s used by the guidance code, 3154
points (in an average sense, 6307=2) will be evaluated before a
switching point can be found. Using the sampled method, 17 points
will be sampled at uniformly distributed true anomalies. After that, a

region with 394 points (6307=16) will be used to locate a precise
switching point. If 197 (394=2, in an average sense) points are
evaluated (using a zero-finding algorithm), the computational time
for a coast arc can be reduced up to 1 � �17� 197�=3154� 93:21%
compared with the direct propagating method. The reduction in the
computation cost will be less because of the extra codes required, but
the improvement is still significant.

The second advantage: In the propagationmethod, the precision of
the switching point depends on the sampling rate, whereas in the
sampled method, the precision depends on the tolerance of zero-
finding algorithms, which can be the same as the machine precision.

The third advantage: The switching time (or true anomaly) of a
coast arc can be regarded as optimization parameters where
propagations of the coast arc can be avoided by using analytical
solutions. However, the number of parameters to be optimized is
increased. For example, if there are n coast arcs, the Jacobian
matrices’ dimension is n� 7 by n� 7 (n coast arc stop time plus
position, velocity, and mass costates). Using the sampled algorithm,
the gradient matrix size is still 7 � 7 which theoretically will reduce
the number of iterations and the optimal solutionwill be less sensitive
to the initial costate guess.

Switching Algorithm

To avoid significant atmospheric drag, the coast arc will be forced
to switch to the next burn arc at a tolerant altitude hTol. �dA is denoted
as the corresponding true anomaly at this tolerant altitude.

In Table 2, the algorithm is listed for calculating the 18 true
anomalies (17 uniformly distributed true anomalies based on
Lemma 2 and �dA) at locations where the switching function will be
evaluated. The basic idea is to form a series of true anomalies
considering �dA and the zero eccentricity case.

Table 3 lists the algorithm for finding the switching time true
anomaly �zero (from a coast arc to a burn arc). Figure 3 shows the
schematics of the switching algorithm. The switching function
within the ith and �i� 1�th true anomalies ismonotonic and includes
a maximum of one zero. These sampled points are evaluated one by
one until a positive switching function value is found. The zero-
finding algorithm is modified based on the “fzero” function (in
MATLAB®).

Summary of the Method

The summary of the method is demonstrated in Fig. 4. The solid
line denotes the burn stage, whereas the dash line represents the coast
stage. The first stage of the multiple burn-coast arcs can be either a
burn or a coast arc [23]. There are two cases in which an initial coast
arc should be avoided. First, in the case of a circular-to-circular
coplanar mission, the length of an initial coast would be completely
arbitrary in the sense that all initial coast durations are equally
compatible with fuel optimality [23]. Secondly, there are cases in
whichmission geometry constraints preclude an optimal initial coast
because it would result in a fall into the lower atmosphere or even

Table 1 Maximum frequency (e ≠ 1)

Items Max. frequency Items Max. frequency

F1 1 F3 1
F2 2 F4 1
r 2 r� a�1 � e2�=�1� e cos �� 1
v 1 g� ��p=h��p� r�r sin � � 3ept�=�1� e2� 3
F6 0 f���p=H��p� r�r cos � 3
F1r 3 H� r � v (const) 0
F6v 1 gv 4
F2H 2 F1H 1
F2r 4 fv 4
F2
2 4 F3F6 1

F2
1 2 gF3 4

F1F2 3 fF3 4
F4F6 1 fF4 4
gF4 4 �V 4

Fig. 2 A maximum of three zeros in a sinusoid function within one

period.
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beneath the Earth surface [23]. The simulation cases in this paper
belong to the above two cases and thus the first arc is set to be a burn
arc. The last arc of the simulation may be a burn arc or a coast arc
depending on the application. For example, in theHohmann transfer-
type trajectory, the last arc is a burn arc, whereas the last arc of a
maximum ground track trajectory is a coast arc.

Numerical issues related to the implementation of the sampled
method are discussed.

1) Dimensional models are used in both burn and coast arcs.
Because the dynamic model in coast arcs is dimensional, the
propagation from a burn arc to a coast arc is consistent.

2) It is convenient to regard the true anomaly, instead of time, as
the independent variable in coast arcs. In the coast arc starting time,
orbital elements (true anomaly, semimajor axis, eccentricity,
semilatus rectum, and angular momentum) are obtained in relation to
the position and velocity vectors. The detailed information for this
transformation can be found in Prussing [40] or Xu [42].

3) To avoid numerical precision problems, the switching function
needs to be tested in both arcs to make sure that the signs of the
switching values are the same. For example, the switching value
calculated in a burn arc is �1 � 10�12, but it may be calculated as
1 � 10�15 in the next coast arc.

4) Furthermore, a tolerant altitude is added into the burn arc to
avoid switches if the altitude of the vehicle is below this altitude. The
purpose is to avoid a coast arc (if not the last arc) experiencing
significant drag accelerations and increase the fidelity of using the
analytical solution [14].

5) The atmospheric drag and J2 is gradually introduced as an
additional forcing term to the solution iteration.

Numerical Simulation

To demonstrate the effectiveness of the proposed algorithm, four
examples are shown below. Software was written usingMATLAB®
and run in a Pentium IV computer (3 GHz CPU and 1 GB RAM).
According to Gath [20], when code is written in C=C�� as
opposed to MATLAB, the computational cost can be reduced to
approximately 10%, or even less if codes are optimized. Therefore,
the algorithm proposed in this paper can be used in real time. In these
simulations, the computational time for coast arcs will be compared
between two methods: one is the conventional propagation method,
and the other is the sampled method. Also, the trajectory design
performance will be evaluated using the error percentages of jrf �
rdes;fj=rdes;f and jvf � vdes;fj=vdes;f.

Hohmann Transfer Cases One and Two (Including the J2
perturbation)

The first two examples are modified according to Vallado [43].
The initial orbit is circular with an altitude of 191,344.11m. Thefinal
orbit is also circular with an altitude of 35,781,348.57 m. As seen in
the initial and final orbits, the atmospheric drag can be safely ignored
but the J2 effect is considered in the simulation. The initial thrust-to-
weight ratios used in these two simulations are 4.38 and 0.42,
respectively. The initial costate guess can be obtained according to
Redding [26]. The simulation results show that under the same
achieved final orbit precision, the time spent using the sampled

Table 2 True anomalies to be sampled in a coast arc

Algorithm to find sampled true anomalies in a coast arc

1 If the coast arc orbital eccentricity is zero
2 Switch back to a burn arc immediately
3 Else
4 Find �dA (the true anomaly corresponding to the tolerant altitude)
5 End
6 If �0 < � or �dA < �0 (the Earth is on the right focus of the coast arc orbit)
7 �dA � 2�� �dA
8 End
9 A series of uniformly distributed true anomaly points �sampled within ��0; �0 � 2��
10 Put �dA into �sampled where �sampled < �dA < �sampled;i�1, i� 1; . . . ; 16

Table 3 Switching algorithm

Switching from a coast arc to a burn arc

1 Determining orbital elements at the coast arc starting point
2 Finding N � 18 sampled true anomaly locations using the algorithm in Table 2
3 Searching for a region �i� 1; i� where the switching function at location i is positive
4 If the switch values at all sampled locations are negative
5 The switching location true anomaly �zero is assumed to be �N
6 End
7 temp1� �i�1; temp2� �i
8 Forming a region [temp1, temp2] with the smaller value as temp1
9 Using a zero-finding algorithm to find the exact zero location
10 Making sure that the switching point is on the positive side of the zero
11 Finding the states and costates at the switching point

Fig. 3 Sampling algorithm schematics.

Fig. 4 Multi-burn-coast trajectory arc sequence.
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method is only 2.5 and 3.8% of how much time the propagation
method used.

As shown in Table 4, the case with low thrust performance is
worse than the high thrust performance case, which is reasonable.
Note that the time saved in the coast arc propagation has no relation to
the final position and velocity error percentages.

Low Earth Orbit Insertion (Including the Atmospheric Drag and J2
Perturbation)

This case shows a possible upper stage circular orbital insertion.
The upper stage separation occurs at an altitude of 100 km from a
vertical takeoff and vertical landing vehicle with an initial velocity of
0:471 km=s in the horizontal direction due to the Earth spin. The
eccentricity of the initial orbit is almost one (nearly a yo-yo orbit) due
to a nearly zero initial velocity. The final orbit needs to be a circular
orbit with an altitude of 100 km.Amore detailed problemdescription
can be found in Xu [8]. The performance index is constructed to
maximize the final mass J � ’�m�tf�. For this circular orbital
insertion, the terminal constraints � are kvfk � kvdes;fk � 0,
krfk � krdes;fk � 0, and rTfvf � 0. The transversality conditions can

be found through ��tf� � �@’=@x� �@�T=@x���tf , where x�
�rT; vT; m�T and � 2 R3�1 is an unknown constant vector. The
simulation shows that the proposed algorithm is flexible in dealing
with the case where there is only one burn arc. The simulation results
(the achieved precision) are compatible with those achieved from the
“EFAT” methods [8].

As an example, Figs. 5–9 show the optimized trajectory results for
the first Hohmann transfer case. The simulation results are similar for
the second Hohmann transfer case and are not shown here. The
switching function in a burn arc is always above zero. The altitude,
mass flow, and velocity information are found in Figs. 6–8. The

effects of the nonimpulsive thrusts can be seen in Fig. 9 because the
second burn arc does not start at exactly a 180 deg true anomaly
location as it would for the ideal cases. The value calculated in the
simulation is 187.521 deg. The distance shown in Fig. 9 is
dimensionless. For example, one means 1 times the radius of the
Earth (approximately 6378 km). For the TGV orbital insertion
simulation, there is no switching as shown in Fig. 10 and the
remainingmass, velocity, and altitude histories as shown in Figs. 11–
13.

Simple Analysis for the McCue Problem

McCue [39] used the quasilinearization method to solve the
multiple-burn orbital transfer problem. The example used was
described as a problem where the initial orbit is characterized by

Table 4 Simulation cases and results

Cases T=W0 Initial altitude, Final altitude, One iteration time, s Achieved precision

m m Propagation Sampling method Time ratio Position error % Velocity error %

Hohmann transfer one 4.38 191,344.11 35,781,348.57 18.53 0.4688 2.5% 4.36 0.01
Hohmann transfer two 0.42 191,344.11 35,781,348.57 27.54 1.0625 3.8% 7.26 0.00
Low Earth orbit insertion 4.38 100 (yo-yo orbit) 100 (circular) One burn arc only 0.00 0.34
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Fig. 5 Switching function for the Hohmann transfer case one.
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Fig. 6 Trajectory altitude for the Hohmann transfer case one.

Fig. 7 Mass flow for the Hohmann transfer case one.

Fig. 8 Velocity for the Hohmann transfer case one.

Fig. 9 Trajectory for Hohmann transfer case one.
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p� 8046:72 km, e� 0:2, and !��90 deg and the target orbit is
characterized by p� 9656:06 km, e� 0:2, and !� 30 deg. To
achieve adequate convergence using quasilinearization, the
switching time must be located at a precision of 0.001 s [39] at
least. In McCue, the switching time is still used as one of the
optimization parameters and the approximate switching time found
from impulse solutions is regarded as the initial guess. During
optimization iteration, a zero-finding algorithm was used to search
for a switching point around this guess. If the newfound switching
time deviates too much from the previous one, the new one will not
be used. The propagation time in the coast arc is nearly 5400 s with a

sampling rate at 1000 Hz [39]. If the switching analysis method
proposed in this paper is used, the sampled pointswill be reduced and
a better precision can be achieved by the zero-finding algorithm.

Conclusions

Designing a rapid optimal multiple-burn trajectory is a
challenging task. The optimal result is sensitive to the initial costate
guess and the computational cost is high. The computational cost
stems from 1) a relatively high cost in trajectory propagations
(simulation of a trajectory) and 2) the number of trajectories
(computation of gradient information) that have to be iterated in
order to find the optimal solution. The method proposed is different
from most other works. Through the oscillation frequency study of
the switching function, the propagation of the coast arc is avoided
and replaced by a zero-finding program without zeros’ leakage. The
numerical implementation of this algorithm is discussed and four
trajectory designs were simulated to show the effectiveness of the
proposed algorithm: two Hohmann transfer-type orbital transfers, a
low Earth orbital insertion, and theMcCue’s two burn elliptic orbital
transfer problem. The simulation results show an average of 96.8%
computational time reduction in the coast arc.

Appendix A: Derivatives

1) A1 � @aT
drag=@v when kvk � 340 m=s:

@adrag;j

@vi
� c2

� kvk � v2i =kvk if i� j
vivj=kvk if i ≠ j

i; j� 1; 2; 3 (A1)

2) A2 � @aT
J2
=@r:

@aT
J2;j

@ri

�c1=�2r9�

8>>><
>>>:

�3r4�15r2z2�15r2r2i �105r2i z
2� if i� j�1;2

�9r4�90r2z2�105z4� if i� j�3

��15xyr2�105xyz2� if i�1; j�2

��45rizr2�105riz
3� if i�1;2; j�3

(A2)

3) A3 � @aT
drag=@r

@�

@h
��1:27429124836 � 1026�141:89� 0:00299h��13:388

h � 25 km

(A3)

@aT
drag;j

@ri
�� 1

2m
CDAkvkvj

@�

@h

ri
krk i; j� 1; 2; 3 (A4)

Appendix B: Simplification of the Switching Function

The analytical solutions of state and costate are given by

r � r00F1 � v00F2 v� r00F3 � v00F4 (B1)

and

�V

��R

� �
� P�t� �0

V0

��0
R0

� �
(B2)

In analyzing the switching function, the concerned part of the
costate dynamics is given by Eq. (B3), where g and f are defined in
Table 1.

�V � �F1r � gv F2r � fv 2r � F6v ��0
V0

� � v F1H F2H ��0
R0 (B3)
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Fig. 10 Switching function for the TGV orbital insertion case.
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Fig. 11 Remaining mass for the TGV orbital insertion case.
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Fig. 12 Velocity for the TGV orbital insertion case.
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Fig. 13 Altitude for the TGV orbital insertion case.
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Substituting Eq. (B2) into Eq. (B3), Eq. (B4)is achieved, where
�0
V0 � ��0

V0;1; �
0
V0;2; �

0
V0;3�T and �0

R0 � ��0
R0;1; �

0
R0;2; �

0
R0;3�T .

�V � �F1r � gv F2r � fv 2r � F6v��0
V0 � �v F1H F2H��0

R0

�
h
r00
�
F2
1 � gF3

�
� v00�F1F2 � gF4�

i
�0
V0;1 �

h
r00F3

� v00F4

i
�0
R0;1 �

h
r00�F1F2 � fF3� � v00

�
F2
2 � fF4

�i
�0
V0;2

� �F1H��0
R0;2 � �r00�2F1 � F3F6� � v00�2F2 � F4F6���0

V0;3

� �F2H��0
R0;3 � �2�0

V0;3r
0
0 � �0

R0;2H�F1 � �2�0
V0;3v

0
0

� �0
R0;3H�F2 � ��r00�0

R0;1�F3 � ��v00�0
R0;1�F4 � ��0

V0;1r
0
0�F2

1

� ��0
V0;2v

0
0�F2

2 � ��0
V0;1v

0
0 � �0

V0;2r
0
0�F1F2 � ���0

V0;3r
0
0�F3F6

� ���0
V0;3v

0
0�F4F6 � ���0

V0;1r
0
0�gF3 � ���0

V0;1v
0
0�gF4

� ���0
V0;2r

0
0�fF3 � ���0

V0;2v
0
0�fF4 ≜ a1F1 � a2F2 � a3F3

� a4F4 � a5F
2
1 � a6F

2
2 � a7F1F2 � a8F3F6 � a9F4F6

� a10gF3 � a11gF4 � a12fF3 � a13fF4 (B4)

Note that the defined vectors ai, i� 1; . . . ; 13 are all constant
vectors determined by the burn stop time position and velocity
vectors. Therefore, during the coming coast arc after this burn arc,
these vectors will be constant and the oscillation frequencies will be
fully determined by the modes.
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